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Abstract— Static balancing is essential for effective control of
robots. The typical approach to obtain the gravity compensation
terms is to construct an ad-hoc trigonometric model of the
robot. This paper proposes a dual-quaternion representation
of centroids that enables streamlined calculation of gravity
compensation terms on rigid robots with arbitrary kinematic
trees and arbitrary base orientations, valid for revolute and
prismatic joints in kinematic chains with rigid links. The
method was successfully tested on a six degrees-of-freedom
manipulator model and evaluated against third-party software.

I. INTRODUCTION

Gravity compensation is the neutralization of torques and
forces induced by gravity in a robotic system. The solution
to this well-known problem involves solving the equation

9> Ep
—— =0 1
90 (1)
for each i = 1,...,n, where > E, is the summation of all

potential energy, including gravitational, springs, magnetic,
etc., and q; are the n generalized coordinates of the robot
configuration [14]. When (1) follows, we say that the mech-
anism is statically balanced.

There are many advantages to neutralizing the effects of
gravity. It has been shown that robotic manipulators are
stable with PD controllers if the forces of gravity are neu-
tralized beforehand [7][11]. In practice, PD controllers are
complemented with an integrative term, i.e. a PID controller,
to offset inaccuracies of mass value and location of the
robot links and payload. Furthermore, in robot teaching
by demonstration, gravity compensation facilitates external
force following, e.g. the operator only needs to overcome
the inertia of the links to change the pose of the robot.
Cobots also benefit from gravity compensation by adding
safety in case of collision. Other applications of gravity
compensation in robotics include, but are not limited to,
compliance robotics and torque-limited robots.

There are two broad categories of methods that implement
gravity compensation [2][5]. Passive methods use ingenious
mechanical arrangements involving springs, counterweights,
magnets, etc. to sustain total potential energy in the system
regardless of joint coordinates [4]. Conversely, active meth-
ods use auxiliary actuators, or even the main actuators, to
produce forces and torques that counteract those exerted by
gravity. Passive methods are more energy efficient, whereas
active methods are more flexible [12].

There is an increasing number of low-budget serial ma-
nipulators that rely on active electric motors for gravity
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compensation. These robots require real-time calculation of
gravity terms. More often than not, the solution involves
solving trigonometric equations specific to each manipu-
lator [15][20][21], in general under the assumption that
the robot is installed in some specific orientation. How-
ever, trigonometry-based approaches are not well-suited to
application-specific robots, such as snake-like robots with a
high number of joints, or modular robots whose kinematic
structure is not fully known during design.

In this paper we are concerned about the problem of
calculating torques and forces to be applied by the gravity-
compensating device. Inertial forces and other dynamic ef-
fects are not considered because they do not affect static
balancing. The central problem is finding the right coordinate
transformation function to express relevant centroids and
gravity vector in the same coordinate system, then operate
to obtain the gravity terms.

The solution to this problem is well known, but here we
propose a streamlined method to solve the gravity compen-
sation problem based on dual-quaternion algebra [6][8]. We
show that an extension to the representation of points in
dual-quaternion form with added support for mass values is
closed under dual-quaternion algebra. This extension is then
developed into an efficient and general method to calculate
the gravity-balancing forces and torques of rigid robots.
Quaternions and dual quaternions offer several advantages
over homogeneous matrices, namely numerical stability,
compactness and computational efficiency [23].

II. ALGEBRA REVIEW

In this section we briefly review the quaternion and dual-
quaternion algebra used in the rest of the paper.

A. Quaternions

Quaternions are a non-commutative extension to complex
numbers with three distinct complex bases i, j and k that
follow the axioms

P2=72=k2=1]k=—1, 2)

Given a rotation defined by an angle 6 around the unitary
vector 7, it is representable as a unit quaternion r by

r:sr+17'r:cos§+sin§7*’. 3)

r and —r represent the same rotation.
Rotations in quaternionic form rotate points p = p by the
operation

p'=rpr”, “4)



TABLE I
MATHEMATICAL NOTATION FOLLOWED THROUGHOUT THE PAPER.

Name Notation
Scalar s
Vector v
Matrix M
Coordinate system O;
Quaternion q
Dual quaternion Q

Element of  Construction
R
R3 ﬁ:vzf—i-vyj’—‘rvzﬁ
R™ Xn
H =~ R4 q=s+7
H?2 Q=7r+ep

which reduces to Rodrigues’ rotation formula [19]. 7* =
s — U, is the conjugate of r and also its inverse because it
is unitary: r*r = rr* = 1.

B. Dual quaternions

Dual quaternions add the dual base ¢ to quaternions,
where &2 = 0:

Q=r+ep, (&)

where direct (Q) = 7 is the direct part and dual (Q) = p is
the dual part. r and p are quaternions.

Similarly to quaternions, dual quaternions are commu-
tative and associative under addition, but non-commutative
under multiplication:

Q1 Qy =r1r2 +€(r1py + pi72) (6)

with €2 (p;p,) = 0. The conjugate of a dual quaternion Q
is defined as the conjugate of the direct and dual parts

Q" =r*+ep”. @)
C. Points and transformations
A point p is represented in dual-quaternion form by
P=1+4+ep=1+¢p. (8)

However, a translation defined by vector t takes the
following form:
T=1+eit )

Pure rotations R = r have no dual part.
Rigid-body transformations are obtained by composing a
translation with a rotation, so

B=TR=(1+c3l)r=r+ecitr. (10)
The rotation component of B is obtained by r =
direct (B) and the translation component by f =
2dual (B) r*.
The inverse of a rigid body transformation B is:
B !=DB*. (11)
Composition of rigid body transformations is
B3 = BB,
=rory + 5 (roti 1 + T2 Tor)
=T21 +E% (@—i—rgt_} 7‘5) 21, (12)

where transformation By follows B and 791 = 7277.

Fig. 1.  Geometric interpretation of a rigid body transformation Q =
r+ 6%tr in dual-quaternion form.

A rigid-body transformation of point P is reduced to
P' = BPB 7,
=rr*+e (%frr* +rprt — %r (fr)*>

=1+4¢c(t+rprr), (13)

where the conjugate of a vector is its negation t* = —t
and B™* is the conjugate of B = r + ¢p with a negated
dual part: B~* = r* — ep*. P’ is indeed a point in dual-
quaternion form with p’ = t + rp'r*.

Refactoring (13) results in the inverse transformation of
P

P=(B)'P (B '=B'P' B~ (14)
where B~ =r — 5%{7'.
III. GRAVITY COMPENSATION

In this section we extend the dual-quaternion representa-
tion of rigid-body transformations and points to incorporate
representations of centroids.

We consider a robotic manipulator consisting of a se-
quence of rigid bodies, or links, where each link can rotate
or slide along an axis fixed with respect to the preceding
link. The force of gravity exerts a constant force to each
link. The mass of each link can be reduced to a single point
located at the center of mass, or centroid. There is no need
to consider moments of inertia of the links or other dynamic
effects because gravity is a static force.

A. Centroids

The following proposition is the core contribution of this
paper.

Proposition 1: The representation of a centroid C' of mass
m located at Po = 1 4 ¢ ¢ in dual-quaternion form is

C =mPc=m+emé (15)



Proof: The following properties show that C' is closed
under addition and under rigid-body transformation. The
mass of a centroid is the direct part of the centroid:

m = direct (C) (16)
and the location of the centroid is
_ dual(C)
= 17
© 7 direct (C) {17

The norm of C is also the mass of the centroid, thus a
centroid is not unitary:
IC| = [[mP| = m | P| = m. (18)
Centroids can be added to each other when they are ex-
pressed in the same coordinate system.
Cio=0C1+Cy = (m1 + mg) + € (m1€1 + mQEQ) (19)

The resulting centroid C'15 merges centroids C; and Cb.
Indeed, the mass of C12 is m1o = direct (C') = my+mq and

its location is the weighted average of the added centroids
dual (Clg) mlé'l + mQEQ
12 = — = : (20
direct (C'12) mi1 + mo

Addition of centroids is associative and commutative because
addition of dual quaternions is so, hence the centroid of
a set of rigid bodies 1,2,...,n with individual centroids
C1,Cs,...,C, is simply

C= znjci
i=1

where C; = m; + & m;¢;. Translation of centroids is similar
to translations of points:

Cr=TCT *=TmPT " =m (TPT™")
=m+em (t+¢) =m+e (mt+ dual (C))
=C +emt,

21

(22)

with T' =1+ E%E Similarly, rotation of centroids operate
like rotation of points:
Cr=RCR "=m (RPRf*)

=m+em((rér*) =m+erdual (C)r*.  (23)

Thus, a rigid-body transformation B = TR = r + 5%5 T
applied to the centroid C' is:
Cp=BCB *=m (BPB_*) =m-+em (f—i— TET*)

=m + ¢ (mt+ rdual (C)r*) . (24)
As expected, only the location is transformed, not the mass.
Therefore, centroids as dual quaternions are closed under
addition and rigid body transformation. [ ]
The physical units of a centroid are, for the direct part,
[direct (C')] = M, and for the dual part, [dual (C)] = ML.
That is, [C] = M + & ML. The units hold under rigid body
transformations:

[BCB™'|=(14ecL)(M+eML)(1+¢L)
=M+ ¢ (LM + ML + ML)

=M + £ ML. 25)

Fig. 2.  Transformation of the gravity vector go (top) adjusts the local
direction of the vector relative to the coordinate system O; (bottom).

Oo

B. Torques and forces

Heretofore, we have presented an algebra to deal with
centroid conversion between coordinate systems by rigid
body transformations. In this section we deduce the equations
to obtain the torques and forces necessary for static balancing
in revolute and prismatic joints.

Let a coordinate system be fixed to a rigid body ¢ — 1 such
that the z-axis is aligned with the force of gravity g;_1 = ¢ E,
where g ~ —9.81 m/s?. Consider another coordinate system
for the articulated link ¢ whose z-axis is aligned to the axis of
rotation (revolute joints) or sliding direction (prismatic joints)
of the joint. Let B; = 7;+¢ p; be the transformation in dual-
quaternion form between these two coordinate systems, such
that any point p; expressed in the link coordinate system is
expressed in the coordinate system by

Pi—1 = B;p; B; ". (26)

Now, let C; = m; + ¢ m;¢; be the centroid of the articulated
link in dual-quaternion form in the coordinate system of the
articulated link. Then, we can transform the gravity vector
gi—1 to this coordinate system (Figure 2) by

Gi =7 Gi-17; (27)

in order to obtain the torque 7; (for revolute joints) or force
fi (for prismatic joints) required to counteract gravity, which
are equal in magnitude and opposite to the force produced
by gravity:
7= —m; (& % §i) - k = — (dual (Cy) x ;) - k
f’i = _ngz . E = —direct (COQ; . f{

(28)
(29)

Note that dual (C;) accounts for both the position vector and
the mass of the centroid in equation (28). The inner product
with K realizes projection of force or torque into the axis
of the joint, which we assumed to be coincident with the
z-axis.

IV. SERIAL ROBOTS

In this section we streamline centroids in dual-quaternion
form to calculate static-balancing forces and torques on
serial robots specified by coordinate transformation functions
between link coordinate systems.



A. Streamlining operations

Consider a kinematic chain with n joints (revolute or
prismatic) and n links. The problem we face is to streamline
the calculation of torques and forces (28, 29) that counteract
the gravity forces of each joint ¢ € {1,...,n} in the robot.

Let us assign a fixed coordinate system O; to each link ¢,
with Oy corresponding to the global coordinate system. The
coordinate transformation function from link n to link n — 1
is B,=7r,+ s%fnri. and the centroid of link n in O,, by
C,. Then, we know that C, in coordinate system O,,_1 is

B,C,B,". (30)

Now we add the centroid of link n — 1 to obtain the
accumulated centroid A,,_q of links n — 1 and n in O,,_1:

A, ,=C, 1+ B,C,B;". 31)

Using this reasoning, we iteratively define the accumulated
centroid of all links from link ¢ < n to link n by

A;=Ci+Bi1Ai1 B[ (32)

and A,, = C,+C, where C, is the centroid of the payload
in O,,. When a kinematic tree branches at link ¢, the centroid
of each branch is added to A;:

A;=Ci+Bi1Ai1B. [\ +B; 1A B+ . (33)
(28) and (29) indicate that we need A; and g; to calculate
gravity forces and torques, so the next step is to either
transform the accumulated centroid of each link ¢ to the
global coordinate system, or transform the gravity vector to
each coordinate system O;. The latter is more efficient than
transforming A, to Op because transformation of vectors
involve only rotations, so operating with the direct part r;
of B; suffices to transform the gravity vector to O;. Thus, on
this occasion the iterative transformation goes from the base
of the robot to link 7. Assuming that the robot is installed in
the predefined vertical orientation, then gy = ¢ and

(34)

— * —
gi =T;9i—1T5.

For convenience, let us assume that axis k of O; is located
along of the axis of rotation or translation of joint ¢. Then, we
can replace A; and g; straightforwardly in (28) and (29) to
obtain the torque 7; and force f; required for static balance.

For reasons of computational efficiency, it is preferable to
separate the transformation function defined by B; in two
components such that

B, = N,J,. 35)

The first component IN; corresponds to the transformation
function from link ¢ to link ¢ — 1 when the robot is in the
neutral pose. The second component J; corresponds to the
state of the joint. IN; is fixed by the kinematic design of the
robot, so it only needs to be calculated once. J; is a rotation
only when the joint is revolute and has the equation

Ji=Ry(q;) = COS% +sinZk,

> (36)

Fig. 3. Matlab rendering of robot URS5 configured as specified on table II.

TABLE 11
DENAVIT-HARTENBERG PARAMETERS OF ROBOT URS5 UNDER THE
PROPOSED INDEX NOTATION. THESE PARAMETERS INDICATE THE

STRUCTURE AND THE NEUTRAL POSE OF THE ROBOT, WHILST THE LAST
COLUMN CONTAINS THE VALUES OF THE JOINT ROTATIONS USED IN THE
EXAMPLE (SEE TEXT).

¢ di [m] 0;[rad] a; [m] o [rad] g; [rad]
[ = = - 0.1
2 L ™ 0 z 0.2
300 z Iz m 0.3
4 0 0 15 m 0.4
5 L z 0 z 0.5
6 I 7 0 z 0.6
e g 0 0 0 -

We have now the accumulated centroid A; and the gravity
vector g; expressed in the same coordinate system O;; we
can now calculate gravity compensating torques and forces
using equations (28) and (29), respectively.

V. EVALUATION

In this section we apply centroids in dual-quaternion form
to a six degrees-of-freedom serial manipulator to demonstrate
the practical utility of the proposed framework and to validate
the results.

A. Problem setting

The URS5 robot from manufacturer Universal Robots [22]
is a six-degrees-of-freedom (6 DoF) robot with non-spherical



Fig. 4. Kinematics of robot URS. Coordinate systems are placed according
to the proposed index notation for D-H parameters.
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TABLE III
DIMENSIONAL AND CENTROID DATA OF ROBOT URS RELATIVE TO THE
PROPOSED INDEX NOTATION.

1 1; [m] m; [kg] ¢ [m]

1 0.089159 3.7 (0,0.00193,0.063549)
2 0.425 8.393 (O7 0.2125, 0.11336)

3 0.39225 2.33 (0.24225,0, —0.0265)
4 0.10915 1.219 (0.01634,0,0.10735)
5 0.09465 1.219 (07 0.01634, 0.09285)
6 0.0823 0.1879 (0,0,0.081141)

wrist (Figure 4). Table II shows the D-H parameters of the
robot, which is in a non-neutral pose with joint values g; =
0.17 as depicted in figure 3. The length, mass and location
of the center of mass of each link are those specified in table
III. The problem is to calculate the torque required on the
joints of this robot to neutralize the effect of gravity when
it is installed horizontally on the floor with no payload.

B. Algorithm

Assuming that Op = O;, then N7 = 1 and the rest
of the rigid-body transformations in neutral pose for each

quadruplet of D-H parameters is

N, =1
.N2:%§<I+E)+s%?h<flfﬂ

Nj = g (T+ 3) +ag12 (—1 - E)

N, = T-g%b

Ny =3 (14 T+7+8) 4ol (-1 -T+7+§)
Ng = g (3+ E) +a?15 (—1 _ T) . 37)

The transformation corresponding to the state of each joint
is (36)
J; = COS% + sin% k = cos0.05¢ + sin 0.05¢ k.

Multiplying both transformations, we get the transformation
functions between links B; = IN;J; (35). The centroids
of each link in dual-quaternion form are C; = m; + € m;C;
where m; and ¢; are specified in table III relative to the local
coordinates O; of each link. The accumulated centroids A;
are obtained from B; and C) by iterating (32) starting from
Ag = Cg. The gravity vector g; at each coordinate system
O; is also obtained iteratively as shown in (34), starting from
Jo = (0,0,—9.81). Substituting A; and g; in (28) yields the
desired gravity-compensating torque values.

(38)

C. Experimental setup

The algorithm described in the previous section was im-
plemented and executed in MATLAB. The link to the source
code of this implementation is in the appendix.

The D-H index notation between the manufacturer’s data
[22] Matlab’s model and our approach were different, albeit
equally valid. Thus, the kinematic chains of the three conven-
tions were incompatible, so centroid data had to be converted
between the conventions. We used the POS library [17] to
transform the centroid location from the manufacturer’s data
to Matlab’s convention and to our convention.

The evaluation of centroids consisted in comparing the
torque values obtained by our method to those given by the
function gravityTorque () in Matlab’s Robotics System
Toolbox [13]. To that end, we used Matlab’s model of the
URS5 robot with masses and centers of mass modified to
accurately reflect the manufacturer’s data.

Our calculation results matched those of Matlab, showing
the validity of our approach. Additionally, we made forward
kinematic calculation tests in various joint states to assess
the coordinate transformation representation with matching
results in both the manufacturer’s tool and Matlab’s Robotic
Systems Toolbox. The numeric results of the accumulated
centroids, the gravity vectors and the torques are recorded in
table IV.

VI. CONCLUSION

This paper has proposed the use of dual quaternions to
calculate gravity-compensation forces and torques for robotic



TABLE IV
NUMERICAL RESULTS OF GRAVITY COMPENSATION EXAMPLE OF URS ROBOT.

i A, [kgt+kgm] Gi [ms™?] 7 [Nm]
T 17.05 t ¢ (0.642, 1.336,6.073) (0,0, —9.81) 0

2 13.35+¢(0.473,5..565,1.328)  (—1.95,—9.61,0) —6.29883
3 4.96 +¢(1.740,—0.043, —0.377)  (—9.76,0.98,0) —1.28212
4 2.626+¢(0.151,-0.017,0.315)  (—9.37,2.90,0) —0.27943
5 1.407 +£(0,0.035,0.131) (2.54,—1.39, —9.37) 0.089465
6 0.188 +£(0,0,0.015) (—7.39,—6.30, —1.39) 0

applications by extending dual-quaternion representation of
centroid points to incorporate the centroid mass. The advan-
tages of using dual quaternions over ad-hoc trigonometry
and matrices is numerical stability, smaller memory foot-
print and a simplified algebra [23]. Our approach leverages
these advantages in the calculation of gravity-compensating
torques and forces of rigid robots. These results can be easily
generalized to kinematic trees with cylindrical and screw
joints, and can can be applied to offline calculation of passive
devices such as balancing springs, and online calculation of
active devices such as electric actuators.

The limitations of the proposed method are that centroid
location and mass of each link and load must be known
beforehand. We leave for future works the analysis of the
inverse operation, that is, calculation of centroid from joint
forces and torques, which is important in robots with un-
specified loads that need to adapt automatically to payload
changes in the end effector [9].

This research has explored new avenues in mathematical
frameworks for mainstream robotics by introducing elements
of Clifford algebras into common robotic calculations. We
hope that the robotics community will benefit of leveraging
the potential of Clifford algebras in the near future. Promis-
ing efforts include extending dual quaternions to calculation
of robot dynamics.

APPENDIX

The source code is available at:
http://sensor.eng.shizuoka.ac. jp/ parjoni
lla/downloads/IR0S2025.zip
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